An extension L/K of absolutely abelian number fields is said to be Leopoldt if the ring of integers O L of L is free as a module over the associated order A L/K of L/K. Furthermore, an abelian number field K is said to be Leopoldt if every extension L/K with L/Q abelian is Leopoldt. In this paper, we build upon the work of many others and use explicit techniques to make progress towards a classification of Leopoldt number fields and extensions.
Introduction
Let L/K be a finite Galois extension of number fields with Galois group G. Then the group algebra K[G] operates on the additive structure of L in the obvious way, and we define the associated order of the extension L/K to be
where O L is the ring of integers of L. A natural problem that arises in Galois module theory is that of determining the associated order A L/K and the structure of O L as an A L/K -module.
In the case where K = Q and L/Q is abelian, this problem was solved by Leopoldt (see [Leo59] ; Lettl gives a simplified proof in [Let90] ). In particular, Leopoldt showed that O L is a free A L/Q -module (necessarily of rank 1) and gave explicit descriptions of A L/Q and of α ∈ O L such that O L = A L/Q · α.
In the same situation (K = Q and L/Q abelian), one can ask whether O L has a normal integral basis, i.e. whether it is a free as a Z[G]-module (again, necessarily of rank 1). The Hilbert-Speiser Theorem tells us that this is the case if and only if L is of squarefree conductor, or equivalently, the extension L/Q is tamely ramified. In the more general setting, Noether showed that A L/K = O K [G] precisely when the extension L/K is at most tamely ramified (see [No32] ). Furthermore, A L/K is the only order of K[G] over which O L can possibly be free of rank 1. Hence Leopoldt's Theorem can be viewed as a generalization of the Hilbert-Speiser Theorem.
A number field K is called a Hilbert-Speiser field if each at most tamely ramified finite abelian extension L/K has a relative normal integral basis, i.e. O L is a free O K [G]-module. In [GRRS99] , Greither, Replogle, Rubin, and Srivastav show that Q is the only such number field. One can consider an analogous problem in which the restriction on ramification is relaxed and the requirement that L/K is abelian is strengthened. In this paper, an extension of absolutely abelian number fields L/K is said to be Leopoldt if O L is a free A L/K -module. Furthermore, an abelian number field K is said to be Leopoldt if every extension L/K with L/Q abelian is Leopoldt. In particular, Leopoldt's Theorem shows that Q is such a field. However, unlike the case of Hilbert-Speiser fields, Q is not the only such field.
A series of successively sharper results by Chan & Lim, Bley, and Byott & Lettl (see [CL93] , [Bl95] and [ByLet96] , respectively) culminates in the proof that the nth cyclotomic field Q (n) is Leopoldt for every n. In the local case, Lettl shows in [Let98] that for any finite extension of p-adic fields L P /K p where L P /Q p is abelian, O L P is a free A L P /Kp -module. Hence it is natural to ask whether every finite abelian extension of Q is Leopoldt. Results of Brinkhuis and Cougnard show that the answer to this question is no: there are in fact infinitely many non-Leopoldt abelian number fields. In [Br87] , [Br92] and [Br94] , essentially two different families of absolutely abelian extensions without relative normal integral bases are exhibited, one of which consists of unramified extensions of CM fields with Galois group not 2-elementary, and the other of extensions of the form Q (p) /K where [Q (p) : K] = l or 4 and p and l are odd primes. Furthermore, the same techniques are used in [Co01] to show that if l and p are odd primes and r ≥ 1, then any sub-extension M/L of Q (p r ) /Q with [M : L] = l, ([L : Q], L) = 1 and L = Q has no normal integral basis (this is in fact a special case of the results proved in [Co01] ).
In this paper, we make progress towards a classification of Leopoldt number fields and extensions. First, we reprove the result that extensions of the form Q (p r+s ) /Q (p r ) are Leopoldt for every prime p and s, r ≥ 0, and extend this to show that extensions of the form Q (p s+1 ) /Q (p)+ are also Leopoldt, where Q (p)+ is the maximal real subfield of Q (p) . It follows that the compositum of any finite set of fields each of the form Q (p)+ or Q (p r ) is Leopoldt. In particular, we recover the result that Q (n) is Leopoldt for every n. We then use straightforward discriminant computations to prove the following "base change" result for sub-extensions of Q (p r ) where p is an odd prime and r ≥ 2: if L is the unique subfield of Q (p r ) with [L : Q] = p r−1 and K is any subfield of Q (p) , then LK/K is Leopoldt. In the second half of the paper, we give several negative results. We show that no extension L/K of the form Q (p r+1 )+ /Q (p r )+ is Leopoldt for r ≥ 2 and p an odd prime. This is done by computing the minimal O K -module index of A L/K · α in O L for any α ∈ O L , thereby giving a measure of how badly L/K fails to be Leopoldt. In conjunction with the aforementioned "base change" method, this leads to a proof that L/K is non-Leopoldt when L and K are the unique sub-fields of Q (p r+1 ) with [L : Q] = p r and [K : Q] = p r−1 , respectively (again r ≥ 2). Consideration of the trace map between absolutely abelian number fields allows us to extend these negative results, including those of Brinkhuis mentioned above: if L/K is a non-Leopoldt absolutely abelian extension of number fields, and M is any extension of L of odd conductor, then M/K is also non-Leopoldt.
Finally, we bring together the above results. For p and odd prime and r ≥ 1, we give a partial classification of Leopoldt sub-fields of Q (p r ) and note that this classification is in fact complete when p − 1 is square-free. We then outline a strategy for and describe some of the challenges posed by the problem of classifying all Leopoldt number fields.
The techniques used in this paper are elementary, and thus the proofs should be accessible to those with a reasonable knowledge of algebraic number theory. A key ingredient used throughout is the explicit description of the rings of integers of cyclotomic fields and their maximal real sub-fields, allowing direct computations to be made easily.
Basic Observations
In Sections 4 and 5 we consider certain extensions L/K and show that they are Leopoldt. The following proposition reduces the proofs of these results to exhibiting certain elements of O L and A L/K and performing straightforward computations to verify that they have the desired properties.
Proposition 2.1. Let L/K be a finite Galois extension of number fields with G = Gal(L/K). Let S be a finite subset of O L and let α = β∈S β. Suppose that
Proof. Since e β ∈ A L/K for each β ∈ S, it is immediate that
In particular, φ is injective; this is the key fact used in the remainder of the proof. We have
and so ( β∈S e β ) = 1. Furthermore, for β ∈ S, we have e 2 β (α) = e β (e β (α)) = e β (β) = β = e β (α), and so e 2 β = e β . Hence {e β } is a family of idempotents. For β, β ′ ∈ S with β = β ′ , we have (e β e β ′ )(α) = (e β (e β ′ (α)) = e β (β ′ ) = 0, and so e β e β ′ = 0. Therefore we have part (a), from which part (b) follows immediately.
For part (c), we have already shown that O L = A L/K · α. From part (b), it follows that
Remark 2.2. Although we only consider absolutely abelian extensions in this paper, Proposition 2.1 does not actually require L/K to be abelian.
Remark 2.3. The set S of Proposition 2.1, and thus the element α, are not unique. However, if G is abelian, the complete family of orthogonal idempotents of A L/K is unique.
The following well-known lemma is used for several calculations in Sections 4 and 5.
Lemma 2.4. Let p be a rational prime, e ≥ 0 and f ≥ 1. Let ζ be a primitive p f -th root of unity. Then
Proof. Straightforward.
Maximal Orders of Abelian Group Algebras
In this section, we let K be a number field and G be a finite abelian group. We shall recall some basic facts on the structure of M K[G] , the (unique) maximal O K -order of K[G]. This is useful because when considering an extension of absolutely abelian number fields L/K with G = Gal(L/K), the associated order A L/K is equal to M K[G] in many cases of interest.
Proposition 3.1. For each character χ : G → C × , define
where H χ = Gal(K(χ)/K) and K(χ) = K(χ(g) | g ∈ G), the field generated by χ. 
where n = |G|, ζ d denotes a primitive dth root of unity, a d = n d /[K(ζ d ) : K] and n d denotes the number of elements of G of order d. Furthermore, the maximal
Proof. The equalities are clear; for the isomorphisms, see Section 3.5 of [MiSe02] . Fix r ≥ 0, s ≥ 1 and p a rational prime (r + s, r = 1 if p = 2). In this section, we consider the extension L/K where L = Q (p r+s ) and K = Q (p r ) . Let ζ = ζ p r+s be a primitive p r+s -th root of unity and let G = Gal(L/K). We determine A L/K by giving a set of generators as an O K [G]-module and explicitly give α ∈ O L such that O L = A L/K · α.
Many of the techniques used in this section are similar to those used in [Bl95] and [ByLet96] . However, the explicit nature of our calculations here allows us to consider other cases in the next section. 
In this section, there are two distinct cases to consider: 1 ≤ s ≤ r and 0 ≤ r < s. Strictly speaking, we do not need to consider the former case as it follows from the latter by Proposition 8.4. However, as the former case gives a flavour of the latter case and is fairly short and easy, we give a direct proof. Furthermore, this direct proof is of use in Section 10. 
Then
The result now follows from Lemma 2.4 with f = s. Then
Proof. Since Span Z {ζ j } = O L , Lemma 4.3 shows that κ t ∈ A L/K for all t ∈ Z. Furthermore, Lemma 4.3 also shows that κ −j (α) = κ −j (ζ j ) = ζ j for 0 ≤ j ≤ p s − 1 and κ −j (ζ i ) = 0 for i = j and 0 ≤ i, j ≤ p s − 1. So parts (a) and (b) now follow from Lemma 4.1 and Proposition 2.1.
For part (c), note that the given family of orthogonal idempotents has cardinality p s = [L : K], and so each idempotent must in fact be primitive in K[G]. Hence the idempotents κ t are in fact equal to equal to the idempotents e χ defined in Proposition 3.1 and the result now follows from Proposition 3.2. Alternatively, part (c) follows from Theorem 3.4.
Remark 4.5. In the case 1 ≤ s ≤ r above, the image of every character χ : G → C × in fact lies in Q (p s ) ⊆ Q (p r ) . Hence the expressions for the idempotents e χ of Proposition 3.1 simplify to
has |G| = [L : K] primitive idempotents, one for each element of the basis B. This is one reason why the 1 ≤ s ≤ r case above is easier than the 0 ≤ r < s case below.
We now consider the case 0 ≤ r ≤ s. Note that except where explicitly stated otherwise, what follows is still valid for 1 ≤ s ≤ r. For n ∈ Z, let v p (n) denote the p-adic valuation of n. Let A = {ζ, ζ 2 , ζ 3 , . . . , ζ p r+s }. Note we have written 1 as ζ p r+s for convenience. We now consider the orbits of the natural action of G on A.
The Galois group G acts on each A k , with trivial action if k ≥ s. Furthermore, the orbits of the action of G on A k are
Remark 4.7. In the case of r = 0, this amounts to the action of G on A k being transitive.
Proof. The first two statements are clear. Fix k with 0 ≤ k ≤ s − 1 and let 1 ≤ t ≤ p r+k with v p (t) = k. Then ζ t ∈ A k and we can write t = up k where v p (u) = 0.
Suppose r = 0. Then the orbit of ζ t under the action of G is
Note that sets of this form partition A k .
Proof. It suffices to show that Span
Proof. If r ≥ 1, we have
and so by the r ≥ 1 case, it remains to consider when f = 1, which is easy to check.
Lemma 4.11. Let e ∈ Z with 0 ≤ e ≤ s. Define
Let l ∈ Z with 0 ≤ l ≤ r + s and ζ i ∈ S l . Then µ e ∈ A L/K and
Proof. Follows immediately from Lemma 4.10.
The result now follows from Lemma 2.4 with f = r + e.
Remark 4.13. Since O L = Span Z (ζ j ), the result shows that τ e,t ∈ A L/K . Then
Proof. By Lemma 4.11, for 0 ≤ e ≤ s we have
Let ζ i , ζ j ∈ S e . We can write i = up e and j = vp e where (u, p) = (v, p) = 1. Suppose that e ≤ min(s − r, s − 1). Then S e = {ζ l : 1 ≤ j ≤ p r+e , v p (l) = e} and by Lemma 4.12, we have
In summary, for each β ∈ S, we have constructed an element ω β ∈ A L/K such that ω β (α) = ω β (β) = β and ω β (β ′ ) = 0 for β ′ ∈ S − {β}. Hence the parts (a), (b) and (c) follow from Lemma 4.9 and Proposition 2.1.
For part (d), note that the |S| = |E| where E is as in Proposition 3.1, and so in fact
The result now follows from Proposition 3.2. Alternatively, part (d) follows from Theorem 3.4.
Extensions of the Form
Fix s ≥ 0 and p ≥ 5 a rational prime. In this section, we consider the extension L/K where L = Q (p s+1 ) and K = Q (p)+ , the maximal real subfield of Q (p) . Let ζ = ζ p s+1 be a primitive p s+1 -th root of unity and let G = Gal(L/K). Using parts of the previous section, we determine A L/K by giving a set of generators as an O K [G]-module and explicitly give
In the case that s = 0, we are reduced to finding a normal integral basis for O L over O K . It is trivial to check that such a basis is generated by ζ (see [Br87] , [Go96] and [Let94] ). We therefore only consider the case s ≥ 1. 
Let A = {ζ, ζ 2 , ζ 3 , . . . , ζ p s+1 }. Note we have written 1 as ζ p s+1 for convenience. We now consider the orbits of the natural action of G on A. Proof. The first statement is clear. The second follows from Lemma 4.6 by considering the "extra action" induced by complex conjugation.
Proof. It suffices to show that Span O K [G] (S) contains B as defined in Lemma 5.1. Taking into account the action of complex conjugation, this reduces to showing that
, and so is contained in some orbit of the action of G on A k . The result now follows from the fact that, by construction, S k contains precisely one representative from each such orbit.
Proof. First note that we cannot have both tp e + j ≡ 0 mod p e+1 and tp e − j ≡ 0 mod p e+1 , since j ≡ 0 mod p e+1 . We have
The result now follows from Lemma 2.4 with f = e + 1.
Theorem 5.7. Let
Proof. By Lemma 4.11 (with r = 1), for 0 ≤ e ≤ s we have In particular, µ s (α) = ζ p s . Furthermore, if e ≤ s − 1, we have
Let ζ i , ζ j ∈ S e with 0 ≤ e ≤ s − 1. We can write i = up e and j = vp e where (u, p) = (v, p) = 1. Recall S e = {ζ t : 1 ≤ j ≤ (p e+1 − 1)/2, v p (t) = e}. Hence i ≡ ±j mod p e+1 implies that ζ i = ζ j , and so by Lemma 5.6, we have
In summary, for each β ∈ S, we have constructed an element ν β ∈ A L/K such that ν β (α) = ν β (β) = β and ν β (β ′ ) = 0 for β ′ ∈ S − {β}. Hence the result follows from Lemma 5.5 and Proposition 2.1. where the bar denotes the action induced by complex conjugation. The two summands on the right-hand side are primitive idempotents of M K[G] and are in fact equal to e χ 1 and e χ 2 , where χ 1 is the trivial character and χ 2 is the unique character of G of order 2 (notation as in Proposition 3.1). Since e χ 1 (ζ p s ) = 1 2 ζ p s and e χ 2 (ζ p s ) = 1 2 (ζ p s − ζ −p s ), we see that neither idempotent is in A L/K . 6. Base Change for Sub-Extensions of Q (p r ) /Q Fix r ≥ 2 and p an odd rational prime. Let L be the unique subfield of Q (p r ) with [L : Q] = p r−1 and let K be any subfield of Q (p) . We show that for any α ∈ O L such that A L/Q · α = O L , we also have A LK/K · α = O LK . Since L/Q is in fact Leopoldt, this implies that LK/K is Leopoldt.
We first fix some notation and conventions. Let G = Gal(Q (p r ) /Q (p) ) and k = [K : Q]. We identify L ⊗ Q K with LK via a ⊗ b → ab, and abbreviate |Disc(X/Z)| to Disc(X). The situation is partially illustrated by the following field diagram. Proof. This is a straightforward application of Theorem 3.4, i.e. the corollary to the main theorem of [ByLet96] .
Proof. We use the fact that
Using the conductor-discriminant formula (see Theorem 3.11 of [Wa97]), we have
A straightforward computation now gives the desired result.
Lemma 6.3. We have
By Proposition 3.2, we have
giving the desired result.
Remark 6.5. One can, for example, take α = Tr Q (p r ) /L ( r−1 i=0 ζ p i ) (use Theorem 4.14 and Corollary 7.6.)
The last equality holds because α generates a normal basis for LK/L, and so the map L[G] → LK, x → x · α is (in particular) an L-linear isomorphism, which induces a Z-linear isomorphism A LK/L → A LK/L · α.
We also have
and so the equality of indices above forces A LK/K · α = O LK .
Remark 6.6. Corollary 9.5 shows that it is not true in general that for K ⊆ Q (p) we have Q (p r ) /K Leopoldt.
Piecing Extensions Together
Lemma 7.1. Let L 1 , L 2 be finite extensions of a number field K, and let L := L 1 L 2 be the compositum. Suppose that
and L 1 and L 2 are said to be arithmetically disjoint over K.
Proof. This is (2.13) in [FT91] .
Lemma 7.2. Let L 1 , L 2 be arithmetically disjoint over a number field K with L 1 /K and L 2 /K Galois and L := L 1 L 2 .
(a) We have
Proof. This is Lemma 5 of [ByLet96] ; the proof is immediate.
Lemma 7.3. Let L 1 /K 1 and L 2 /K 2 both be Galois extensions of number fields. Suppose that L 1 and L 2 are arithmetically disjoint over Q and that for i = 1, 2 there exist
and
Proof. We give a slightly modified version of the proof dealing with the cyclotomic case given in Section 5 of [CL93] . Consider the following field diagram. 
The hypothesis that L 1 and L 2 are arithmetically disjoint over Q imply that the relevant pairs of fields are arithmetically disjoint over the relevant base field throughout. We apply part (b) of Lemma 7.2 to move from extensions (1) and (2) to (3) and (4) respectively, and then apply part (a) to arrive at the result for extension (5). Proof. See [JMc] . Alternatively, this follows Lemma 2 in Section 5 of [F67] and the fact that the extension of residue fields in question is separable. If one is only interested in number fields of odd conductor, both Proposition 7.7 and the last paragraph of the proof of Theorem 7.9 can be ignored.
Proposition 7.7. Let K be an absolutely abelian number field of conductor 2 s where s ≥ 3. Then there exists α ∈ O K such that O K = A K/Q · α. In fact, one can take
where ζ is a primitive 2 s -th root of unity andT Q (2 s ) /K is the "adjusted trace map" of [Jo06] .
Proof. The result follows from Theorem 6.6 of [Jo06] and Theorem 4.14 of this paper with p = 2 and r = 0. Alternatively, note that this is just a special case of Leopoldt's original theorem, and so also follows from [Leo59] or [Let90] .
Remark 7.8. One could also give a direct proof similar in style to that of Theorem 4.14 by using an explicit description of the ring of integers of K (such a description is given in Proposition 4.1 of [Jo06] ).
Theorem 7.9. Let e, f ∈ N with (e, f ) = 1. Let K be the compositum of the collection of number fields {Q (e) } ∪ p|f {Q (p)+ } and let L be a finite extension of K with L/Q abelian. Then there exists α ∈ O L such that O L = A L/K · α, and so O L is a free A L/K -module of rank 1. In other words, K is Leopoldt.
Remark 7.10. Using the proof below and the results to which it refers, one can give explicit descriptions of α and A L/K . Note, however, that there are in fact many possible choices for α: if O L = A L/K · α, then for any unit u of A L/K , we have O L = A L/K · (u · α). Also see Remark 2.3.
Proof. Let m = p r 1 1 p r 2 2 · · · p r k k and n = p r 1 +s 1 1 p r 2 +s 2 2 · · · p r k +s k k be the prime factorizations of the conductors of K and L, respectively (note that we may have r i =0 for some i). For 1 ≤ i ≤ k, let L i = Q (p r i +s i i ) and K i = Q (p r i i ) or Q (p i )+ , as appropriate. By Theorems 4.4, 4.14 and 5.7,
If n is odd or if Q(i) ⊆ K, then Q (n) /L is at most tamely ramified (see Proposition 3.7 and Remark 3.8 of [Jo06] ) and so we have O L = A L/K · Tr Q (n) /L (β) by Corollary 7.6. Now suppose n is even and that Q(i) K. Without loss of generality, take p 1 = 2. Then r 1 = 0. Assuming the notation and results of Sections 2 and 3 of [Jo06] , let X be the group of Dirichlet characters associated to L, and let L ′ be the field associated to X 2 . Then by Proposition 7.7, there exists γ 1 ∈ O L 2 such that O L 2 = A L 2 /Q · γ 1 . Let t = p r 2 +s 2 2 · · · p r k +s k k and β ′ = β 2 · · · β k . Then, as in odd case, there exists
However, the extension L ′ Q (t) /L is at most tamely ramified, and so by Corollary 7.6, we have
Remark 7.11. This result can be extended using Lemma 7.3 to "add on" extensions of the form in Theorem 6.4 and quadratic extensions of the forms described in [Go96] and [Let94] .
The Trace Map Between Absolutely Abelian Number Fields
In this section, we prove some elementary results concerning the trace map between rings of integers of absolutely abelian number fields. These allow us to conclude that for L an abelian number field of odd conductor, if L/K is Leopoldt then every sub-extension M/K is also Leopoldt. Hence if L/K is non-Leopoldt, then so is N/K where N is any finite absolutely abelian extension of L of odd conductor. These results can be extended to certain number fields of even conductor, though we only briefly touch upon this case here. Then
Proof. Let p be a rational prime and r, s ≥ 1 (r ≥ 2 if p = 2). By Lemma 4.10, we have
Note that Tr Q (p) /Q (O (p) ) = Z for p odd (by Corollary 7.5) and Tr Q(i)/Q (Z[i]) = 2Z, and so by transitivity and Q-linearity of trace we have
for s ≥ 1 (s ≥ 2 if p = 2). Let m = p r 1 1 p r 2 2 · · · p r k k and n = p r 1 +s 1 1 p r 2 +s 2 2 · · · p r k +s k k be the prime factorizations of m and n, respectively (note that we may have r i =0 for some i). The result now follows from the fact that
where the tensor products are over Z and the first equality follows from Lemma 7.1.
Remark 8.2. This is also proven in [Gir92] (Corollary to Theorem 1), using the description of the ring of integers of cyclotomic field given by Leopoldt's Theorem in [Let90] . However, here we take a more elementary approach, as we would like a proof that is independent of Leopoldt's Theorem. Also note that a special case of this is proven in [Bl95] , using a computation involving the different of Q (p r+s ) /Q (p r ) . Remark 8.5. Corollary 8.3 is false for arbitrary extensions of absolutely abelian number fields of even conductor (consider, for example, the extension Q (8) /Q (8)+ ; see [Jo06] for more details). However, it is straightforward to see that Corollary 8.3 (and thus Proposition 8.4) can be generalized to extensions of the form
f ≥ e and N ′ /M ′ is an extension of absolutely abelian number fields of odd conductor. A much fuller treatment of the even conductor situation is possible using techniques similar to those used in [Jo06] , though we do not give this here.
Consequences of Failure in the Tame Case
We recall results of Brinkhuis and Cougnard on non-existence of normal integral bases in the tame case and give corollaries implied by Proposition 8.4.
Theorem 9.1 ([Br87], [Br92] ). Let M/L be any unramified abelian extension of CM fields with Galois group not 2-elementary. Then M/L has no normal integral basis.
Remark 9.2. Here we take our definition of CM fields to include totally real fields and unramified to mean unramified at all finite primes. Theorem 9.4 ([Br87], [Br94] ). Let p be an odd prime and l a prime or 4 with p ≡ 1 mod l. We take M = Q (p) and L its subfield with [M : L]=l. The extension M/L then has a normal integral basis if and only if l = 2.
Corollary 9.5. Let N be an absolutely abelian number field of odd conductor divisible by p. Then N/L is non-Leopoldt. Remark 9.7. This is in fact a special case of Theorem 2 in [Co01] .
Corollary 9.8. Suppose that M ⊆ N, where N is an absolutely abelian number field of odd conductor. In particular, one can take N to be any intermediate field of Q (p r ) /L with [N : L] divisible by l. Then N/L is non-Leopoldt.
Remark 9.9. The above corollaries can be generalized to certain extensions of number fields of even conductor -see Remark 8.5.
10. Extensions of the Form Q (p r+1 )+ /Q (p r )+ Fix r ≥ 1 and p an odd rational prime. In this section, we consider the extension L/K where L = Q (p r+1 )+ and K = Q (p r )+ . We show that the extension L/K is in fact not Leopoldt when r ≥ 2. As a corollary, we have that M/K is non-Leopoldt for M any extension of L of odd conductor; in particular, one can take M = Q (p r+s ) or Q (p r+s )+ with s ≥ 1. Let ζ = ζ p r+1 be a primitive p r+1 -th root of unity and let G = Gal(L/K). 
Lemma 10.3. Let j, t ∈ Z and define λ t ∈ K[G] by
Remark 10.4. Observe that λ t = κ 0 for t ≡ 0 mod p and λ t = κ t + κ −t for t ≡ 0 mod p, where each κ t is an orthogonal idempotent of Q (p) [G] as described in Lemma 4.3 and Theorem 4.4 with s = 1.
Proof. This follows from Remark 10.4 and Lemma 4.3 with s = 1.
Lemma 10.5. The set {λ t | 0 ≤ t ≤ (p − 1)/2} is a family of primitive orthogonal idempotents of both K[G] and A L/K . Furthermore,
for t ≡ 0 mod p. Moreover, Lemmas 10.1 and 10.3 show that each λ t ∈ A L/K . The fact that A L/K now follows from Proposition 3.2 or, alternatively, from Theorem 3.4.
Lemma 10.6. Let α be an arbitrary element of O L . Then α can be expressed uniquely as α = c 0 + p−1 j=1 c j (ζ j + ζ −j ) with c j ∈ O K , and
Proof. The first statement is Lemma 10.1 and the second follows immediately from Lemmas 10.3 and 10.5.
For the rest of this section, assume that α = c 0 + p−1 j=1 c j (ζ j + ζ −j ) with c j ∈ O K and that 1 ≤ t ≤ (p − 1)/2. Lemma 10.7. We have
Proof. We first show that B t contains all elements of the form ζ t+kp + ζ −(t+kp) for k ∈ Z. Clearly, this is true for k = 0, −1. Note that for any k ∈ Z, we have
and so the result now follows by induction on k.
To prove the lemma, it suffices to show that any G-conjugate of ζ t + ζ −t or of ζ p−t + ζ t−p lies in B t . However, this now follows easily from the Lemma 10.2.
Proof. Let u 0 = 1 and u k = ζ kp r + ζ −kp r for 1 ≤ k ≤ p − 1. Then straightforward norm computations show that each u k is a unit of O K , and so we have
is any map of sets. Furthermore, one can check that
It now follows by induction on
The sum is direct as b t,0 and b t,1 are linearly independent over K.
and, for x, y ∈ V t , the matrix
Lemma 10.11. Let n ≥ 0. Then
Proof. This follows from Lemma 4.10 with s = 1, using the fact that Tr L/K is the restriction of Tr Q (p r+1 ) /Q (p r ) to L.
Proof. Using Lemma 10.11 for the third equality, we have
Therefore,
Lemma 10.13. The map ψ t is a symmetric K-bilinear form on V t and
Proof. The map ψ t is a symmetric K-bilinear form on V t because it is just the restriction of the standard symmetric K-bilinear form L × L → K, (x, y) → Tr L/K (xy).
Lemma 10.12 shows that ψ t is non-degenerate, and so the result follows from III.2.4 of [FT91] (also see page 26 of [Mil] ).
Lemma 10.14. We have
11. Base Change for Sub-Extensions of Q (p r ) /Q, Revisited
Fix r ≥ 1 and p an odd rational prime. Let L and K be the unique sub-fields of Q (p r+1 ) with [L : Q] = p r and [K : Q] = p r−1 , respectively. We use essentially the same method as in Section 6 to show that if L/K were Leopoldt, then Q (p r+2 )+ /Q (p r+1 )+ would also be Leopoldt. However, this is in fact not the case and so L/K is not Leopoldt. As a corollary, we have that M/K is non-Leopoldt where M is any extension of L of odd conductor; in particular, one can take M to be the unique subfield of Q (p r+s+1 ) with [M : Q] = p r+s for any s ≥ 0.
We first fix some notation and conventions. Let G = Gal(Q (p r+1 )+ /Q (p r )+ ). We identify Q (p r )+ ⊗ K L with Q (p r+1 )+ via a ⊗ b → ab, and abbreviate |Disc(X/Z)| to Disc(X). All indices will be indices of Z-modules. The situation is partially illustrated by the following field diagram. Proof. This is a straightforward application of Theorem 3.4, i.e. the corollary to the main theorem of [ByLet96] .
Lemma 11.2. We have
Proof. By the conductor discriminant formula (see Theorem 3.11 of [Wa97]), we have
So by taking norms of
We now use the fact that The last equality holds because α generates a normal basis for Q (p r+1 )+ /Q (p r )+ , and so the map Q (p r )+ [G] → Q (p r+1 )+ , x → x · α is (in particular) an Q (p r )+ -linear isomorphism, which induces a Z-linear isomorphism A Q (p r+1 )+ /Q (p r )+ → A Q (p r+1 )+ /Q (p r )+ · α. We also have
and so the equality of indices above forces A Q (p r+1 )+ /Q (p r )+ · α = O (p r+1 )+ . If r ≥ 2, then this contradicts Corollary 10.18 and so our assumption that L/K is Leopoldt must be false. In the case r = 1, K = Q and so L/K is indeed Leopoldt.
Corollary 11.5. Suppose r ≥ 2 and let M be any extension of L of odd conductor; in particular, one can take M to be the unique subfield of Q (p r+s+1 ) with [M : Q] = p r+s for any s ≥ 0. Then M/K is non-Leopoldt.
Proof. Follows immediately from Proposition 8.4.
However, showing that "piecing together" an abelian number field with an abelian non-Leopoldt number field gives another non-Leopoldt number field is much more difficult. In fact, the converse to the first part of Lemma 7.2(b) is false in general. In other words, if L and M are arithmetically disjoint over K, LM/Q is abelian and LM/M is Leopoldt, then it is not necessarily true that L/K is Leopoldt. The author is grateful to Cornelius Greither for providing the following counter-example. A is a fractional ideal in O K , and from the ramification in K (5 is ramified, 17 is not) we see that A is the inverse of the unique ideal above 5 in O K . It is well-known (and not too hard to check) that A is not principal. Of course, many similar examples can be obtained by changing the numbers appropriately. Thus we are led to the obvious question of as to whether weaker versions of the desired result hold. However, this appears to be quite a hard problem, worthy of study in its own right.
